Abstract. We shall present Banach and Brouwer fixed point theorems and some of their applications in analysis and differential equations. We shall also discuss some of the generalizations of Brouwer fixed point theorem for general topological spaces.
1. The Banach fixed point theorem Definition 1.1. Let (X, d) be a metric space, let f : X → X be a function, then we say that f is a contraction mapping on X if f satisfies the following condition: There is a real number 0 ≤ q < 1 such that, for every x, y ∈ X d(f (x), f (y)) ≤ qd(x, y). (i.e. a point x ∈ X which satisfies f (x) = x) and this point is unique.
Proof. If f is a contraction, then there is a real number 0 ≤ q < 1 which satisfies d(f (x), f (y)) ≤ qd(x, y) for every x, y ∈ X. Choose a point x 0 ∈ X and define a sequence (x n ) ∞ n=1 by the recursion
is a Cauchy sequence, but we have assumed that X is complete, hence the sequence converge. We shall give now an important application of the previous theorem. 
there exist a unique solution to the following differential equation:
Proof. The differential equation y = f (x, y) , y(x 0 ) = y 0 is equivalent to the following integral equation:
We will show that A is a contraction (with C [a, b] equipped with the sup norm), Let
is complete (with the sup norm), by the previous theorem we get that A has a unique fixed point y. This y will satisfies the integral equation
The Brouwer fixed point theorem
Before introducing the Brouwer fixed point theorem we shall give a few definitions and lemmas. 
1+ε , then f map B(0, 1) to itself (because g map B(0, 1) to itself). Now f is defined on all of R n and is of class C 1 , and for x ∈ B(0, 1) we have:
So f also does not have a fixed point. Contradiction. Now we have arrived to the main step of the theorem, we will prove that there is no f of class C 0, 1)). Hence P (t) is a constant polynomial for t ∈ [0, 1 M ), hence P is constant for every t ∈ [0, 1]. In particular, for t = 1 we have:
dx. But we have assumed that f (B(0, 1)) = ∂B(0, 1), thus: It is easy to see that h is of class C 1 and can be defined on a neighborhood of B(0, 1) which contradicts our main step.
Generalizations of Brouwer fixed point theorem
Definition 3.1. A topological space X is said to have the fixed point property, if for every continuous mapping f : X → X, there exist a p ∈ X with f (p) = p.
Examples 3.2. If we define the Hilbert cube as
n }, then C has the fixed point property. Indeed, let T : C → C be a continues map. Define P n : C → C be the map defined by:
The set C n = P n (C) is homeomorphic to the closed unit ball in R n . Since the mapping p n • T | C n : C n → C n is continuous, the Brouwer theorem implies that it has a fixed point y n ∈ C n ⊂ C. 
Since C is compact, y n has a convergent subsequence. The limit of this sequence is clearly a fixed point of T.
We turn now to prove the main theorem in this section, the Kakutani theorem, but first we need a definition. Definition 3.3. A family F of linear transformations on a linear topological space X is said to be equicontinuous on a subset K of X if for every neighborhood V of the origin in X there is a neighborhood U of the origin such that if 
Proof. By Zorn's lemma, K contains a minimal non-empty compact convex subset
we can define B = ∩ i A i which is convex, compact, non-empty and satisfies G(B) ⊆ B and hence B can be taken as an upper-bound). If K 1 contains only one point, then our proof is complete. If this is not the case, the compact set K 1 − K 1 contains some point other than the origin, thus there is a neighborhood V of the origin such that V does not contain
X is locally convex, hence there is a convex neighborhood V 1 of the origin such that αV 1 ⊆ V for |α| ≤ 1. By the equicontinuity of G on the set K 1 , there is a neighborhood U 1 of the origin such that if
It follows that for each 0 < ε < 1 the set 
Since K 2 is closed it is compact and it's clearly convex. Further, since T (aCl(U )) ⊆ aCl(U ) for T ∈ G, we have T (aCl(U ) + k) ⊆ aCl(U ) + T k for T ∈ G,k ∈ K 1 , but T (K 1 ) ⊆ K 1 , hence, T k = k for some k ∈ K 1 and thus T (aCl(U ) + k) ⊆ aCl(U ) + k , and for every k ∈ K 1 there is some k ∈ K 1 such that T (k) = k (T (K 1 ) = K 1 , because G is a group). Hence T (aCl(U ) + k) ⊆ aCl(U ) + k and in the end we get that ∩ k∈K 1 T (aCl(U ) + k) ⊆ ∩ k∈K 1 aCl(U ) + k. This implies that G(K 2 ) ⊆ K 2 , which is a contradiction to the minimality of K 1 . Thus K 1 contains only one point and this point is a fixed point for the group G.
